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Abstract. Vibration analysis of a short rigid rotor supported by a pair of the axial preloaded angular 
contact ball bearings is carried out. A nonlinear mathematical model of ball bearing based on the 
Hertz theory is presented. Continuation algorithms are used to calculate the amplitude-frequency 
characteristics for various contact angles of balls with races.  
 






ɩɨɥɶɡɭɸɬ ɜ ɚɝɪɟɝɚɬɚɯ, ɪɨɬɨɪ ɤɨɬɨɪɵɯ ɩɟɪɟɞɚ-
ёɬ ɧɚɝɪɭɡɤɭ ɜ ɧɚɩɪɚɜɥɟɧɢɢ ɨɫɢ ɜɪɚɳɟɧɢɹ. 
ɗɬɨ ɪɨɬɨɪɵ ɚɜɢɚɰɢɨɧɧɵɯ ɬɭɪɛɢɧ, ɬɭɪɛɨɧɚ-
ɫɨɫɧɵɯ ɚɝɪɟɝɚɬɨɜ, ɬɭɪɛɨɯɨɥɨɞɢɥɶɧɢɤɨɜ, ɩɪɢ-
ɛɨɪɨɜ, ɚ ɬɚɤɠɟ ɲɩɢɧɞɟɥɢ ɜɵɫɨɤɨɨɛɨɪɨɬɧɵɯ 
ɫɬɚɧɤɨɜ. ȼ ɬɟɯ ɫɥɭɱɚɹɯ, ɤɨɝɞɚ ɪɨɬɨɪ ɦɨɠɟɬ 
ɫɨɜɟɪɲɚɬɶ ɤɨɥɟɛɚɧɢɹ ɤɚɤ ɜ ɪɚɞɢɚɥɶɧɨɦ, ɬɚɤ ɢ 
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ɜ ɨɫɟɜɨɦ ɧɚɩɪɚɜɥɟɧɢɢ, ɫɬɚɜɹɬ ɪɚɞɢɚɥɶɧɨ-
ɭɩɨɪɧɵɟ ɩɨɞɲɢɩɧɢɤɢ ɧɚ ɞɜɭɯ ɤɨɧɰɚɯ ɜɚɥɚ. 
ȿɫɥɢ ɜ ɩɪɨɰɟɫɫɟ ɪɚɛɨɬɵ ɚɝɪɟɝɚɬɚ ɜɨɡɧɢɤɚɸɬ 
ɡɧɚɱɢɬɟɥɶɧɵɟ ɬɟɪɦɢɱɟɫɤɢɟ ɞɟɮɨɪɦɚɰɢɢ, ɪɚ-
ɞɢɚɥɶɧɨ-ɭɩɨɪɧɵɟ ɩɨɞɲɢɩɧɢɤɢ ɫɬɚɜɹɬ ɫ ɦɚɥɵɦ 
ɝɚɪɚɧɬɢɪɨɜɚɧɧɵɦ ɡɚɡɨɪɨɦ ɦɟɠɞɭ ɲɚɪɢɤɚɦɢ 
ɢ ɤɚɧɚɜɤɚɦɢ ɤɚɱɟɧɢɹ. ȼ ɷɬɢɯ ɩɨɞɲɢɩɧɢɤɚɯ 
ɧɟɥɢɧɟɣɧɨɫɬɶ ɭɩɪɭɝɢɯ ɯɚɪɚɤɬɟɪɢɫɬɢɤ ɨɛɭ-
ɫɥɨɜɥɟɧɚ ɤɚɤ ɧɟɥɢɧɟɣɧɨɫɬɶɸ ɤɨɧɬɚɤɬɧɵɯ 
ɧɚɩɪɹɠɟɧɢɣ, ɬɚɤ ɢ ɡɚɤɪɵɬɢɟɦ ɢ ɪɚɫɤɪɵɬɢɟɦ 




ȼ ɫɬɚɬɶɟ [1] ɢɡɭɱɟɧɵ ɜɥɢɹɧɢɹ ɜɧɭɬɪɟɧɧɟɝɨ 
ɪɚɞɢɚɥɶɧɨɝɨ ɡɚɡɨɪɚ ɢ ɫɤɨɪɨɫɬɢ ɜɪɚɳɟɧɢɹ ɪɨ-
ɬɨɪɚ ɧɚ ɩɟɪɢɨɞɢɱɟɫɤɢɟ ɝɚɪɦɨɧɢɱɟɫɤɢɟ, ɫɭɛ-
ɝɚɪɦɨɧɢɱɟɫɤɢɟ, ɯɚɨɬɢɱɟɫɤɢɟ ɤɨɥɟɛɚɧɢɹ. ȼ 
ɪɚɛɨɬɟ [2] ɢɫɫɥɟɞɨɜɚɧɨ ɜɥɢɹɧɢɟ ɞɢɫɛɚɥɚɧɫɚ, 
ɜɧɭɬɪɟɧɧɟɝɨ ɪɚɞɢɚɥɶɧɨɝɨ ɡɚɡɨɪɚ ɢ ɫɤɨɪɨɫɬɢ 
ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ ɧɚ ɭɞɜɨɟɧɢɟ ɩɟɪɢɨɞɚ ɢ ɩɟ-
ɪɟɦɟɠɚɟɦɨɫɬɶ, ɜɟɞɭɳɢɟ ɤ ɯɚɨɫɭ. ȼ ɜɵɫɨɤɨ-
ɨɛɨɪɨɬɧɵɯ ɚɝɪɟɝɚɬɚɯ ɫ ɪɨɬɨɪɨɦ, ɬɚɤɢɯ ɤɚɤ 
ɬɭɪɛɨɯɨɥɨɞɢɥɶɧɢɤɢ ɢ ɩɪɢɛɨɪɵ, ɤɚɤ ɩɪɚɜɢɥɨ, 
ɧɟ ɜɨɡɧɢɤɚɸɬ ɫɭɳɟɫɬɜɟɧɧɵɟ ɬɟɪɦɢɱɟɫɤɢɟ 
ɞɟɮɨɪɦɚɰɢɢ. ɉɪɢ ɷɬɨɦ ɜɚɠɧɨ ɢɫɤɥɸɱɢɬɶ 
ɭɞɚɪɵ ɜ ɩɨɞɲɢɩɧɢɤɚɯ ɩɪɢ ɡɚɤɪɵɬɢɢ ɡɚɡɨɪɨɜ. 
Ⱦɥɹ ɷɬɨɝɨ ɪɚɞɢɚɥɶɧɨ-ɭɩɨɪɧɵɟ ɩɨɞɲɢɩɧɢɤɢ 
ɫɬɚɜɹɬ ɫ ɩɪɟɞɜɚɪɢɬɟɥɶɧɵɦ ɨɫɟɜɵɦ ɩɨɞɠɚɬɢ-
ɟɦ. ɍɪɚɜɧɟɧɢɹ ɞɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɧɟɥɢɧɟɣɧɨɣ 
ɠёɫɬɤɨɫɬɢ ɩɪɟɞɜɚɪɢɬɟɥɶɧɨ ɩɨɞɠɚɬɵɯ ɩɨɞ-
ɲɢɩɧɢɤɨɜ ɜɵɜɟɞɟɧɵ ɜ ɪɚɛɨɬɟ [3], ɨɞɧɚɤɨ ɞɥɹ 
ɜɵɩɨɥɧɟɧɧɵɯ ɜ ɷɬɨɣ ɫɬɚɬɶɟ ɢɫɫɥɟɞɨɜɚɧɢɣ 
ɨɧɢ ɥɢɧɟɚɪɢɡɨɜɚɧɵ. ȼ ɫɬɚɬɶɟ [4] ɱɢɫɥɟɧɧɨ ɢ 
ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨ ɢɫɫɥɟɞɨɜɚɧɵ ɩɨɩɟɪɟɱɧɵɟ 
ɤɨɥɟɛɚɧɢɹ ɪɨɬɨɪɚ ɧɚ ɪɚɞɢɚɥɶɧɨ-ɭɩɨɪɧɵɯ ɲɚ-
ɪɢɤɨɩɨɞɲɢɩɧɢɤɚɯ, ɜɵɡɜɚɧɧɵɟ ɞɢɫɛɚɥɚɧɫɨɦ 
ɞɢɫɤɚ, ɢ ɩɨɤɚɡɚɧɚ ɢɯ ɡɚɜɢɫɢɦɨɫɬɶ ɨɬ ɧɟɥɢ-
ɧɟɣɧɵɯ ɤɨɧɬɚɤɬɧɵɯ ɫɢɥ ɢ ɡɚɡɨɪɚ.  
 
ȼ ɪɚɛɨɬɟ [5] ɢɫɫɥɟɞɨɜɚɧɵ ɤɨɥɟɛɚɧɢɹ ɝɨɪɢ-
ɡɨɧɬɚɥɶɧɨɝɨ ɪɨɬɨɪɚ ɫ ɨɞɧɢɦ ɞɢɫɤɨɦ ɧɚ ɥɢ-
ɧɟɣɧɨ-ɭɩɪɭɝɨɦ ɧɟɜɟɫɨɦɨɦ ɜɚɥɭ, ɤɨɬɨɪɵɣ 
ɜɪɚɳɚɟɬɫɹ ɜ ɪɚɞɢɚɥɶɧɨ-ɭɩɨɪɧɵɯ ɲɚɪɢɤɨɩɨɞ-
ɲɢɩɧɢɤɚɯ ɫ ɩɪɟɞɜɚɪɢɬɟɥɶɧɵɦ ɩɨɞɠɚɬɢɟɦ. ȼ 
ɪɚɛɨɬɟ [6] ɪɚɫɫɦɨɬɪɟɧɚ ɞɢɧɚɦɢɤɚ ɲɩɢɧɞɟɥɹ 
ɲɥɢɮɨɜɚɥɶɧɨɝɨ ɫɬɚɧɤɚ ɢ ɜɥɢɹɧɢɟ ɩɪɟɞɜɚɪɢ-
ɬɟɥɶɧɨɝɨ ɩɨɞɠɚɬɢɹ ɩɨɞɲɢɩɧɢɤɨɜ ɧɚ ɟɝɨ ɜɢɛ-
ɪɚɰɢɨɧɧɵɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ, ɨɩɪɟɞɟɥɟɧɚ ɨɩ-
ɬɢɦɚɥɶɧɚɹ ɨɫɟɜɚɹ ɫɢɥɚ. 
 
ȼ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɞɟɣɫɬɜɭɸɳɢɦ ɜ ɧɚɲɟɣ 
ɫɬɪɚɧɟ ɫɬɚɧɞɚɪɬɨɦ, ɜ ɦɚɲɢɧɚɯ ɢɫɩɨɥɶɡɭɸɬ 
ɩɨɞɲɢɩɧɢɤɢ ɫ ɪɚɡɧɵɦ ɭɝɥɨɦ ɦɟɠɞɭ ɥɢɧɢɟɣ 
ɞɟɣɫɬɜɢɹ ɤɨɧɬɚɤɬɧɵɯ ɫɢɥ ɢ ɨɫɶɸ ɩɨɞɲɢɩɧɢɤɚ. 
ɇɚɡɨɜёɦ ɷɬɨɬ ɭɝɨɥ ɭɝɥɨɦ ɤɨɧɬɚɤɬɚ. ȼ ɫɬɚɬɶɟ [7] 
ɢɫɫɥɟɞɨɜɚɧɵ ɫɜɨɛɨɞɧɵɟ ɤɨɥɟɛɚɧɢɹ ɪɨɬɨɪɚ ɧɚ 
ɪɚɞɢɚɥɶɧɨ-ɭɩɨɪɧɵɯ ɲɚɪɢɤɨɩɨɞɲɢɩɧɢɤɚɯ ɫ 
ɩɪɟɞɜɚɪɢɬɟɥɶɧɵɦ ɩɨɞɠɚɬɢɟɦ ɢ ɩɨɥɭɱɟɧɵ ɫɤɟ-
ɥɟɬɧɵɟ ɤɪɢɜɵɟ ɢ ɧɟɥɢɧɟɣɧɵɟ ɧɨɪɦɚɥɶɧɵɟ 
ɮɨɪɦɵ ɤɨɥɟɛɚɧɢɣ ɩɪɢ ɪɚɡɧɵɯ ɭɝɥɚɯ ɤɨɧɬɚɤɬɚ. 
ȼɥɢɹɧɢɟ ɷɬɢɯ ɠɟ ɮɚɤɬɨɪɨɜ ɧɚ ɜɵɧɭɠɞɟɧɧɵɟ 
ɤɨɥɟɛɚɧɢɹ ɪɨɬɨɪɚ ɨɫɬɚɥɢɫɶ ɧɟɢɫɫɥɟɞɨɜɚɧɧɵɦɢ. 
 
ɐɟɥɶ ɢ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ 
 
ɐɟɥɶɸ ɪɚɛɨɬɵ ɹɜɥɹɟɬɫɹ ɢɫɫɥɟɞɨɜɚɧɢɟ ɜɥɢɹɧɢɹ 
ɧɟɥɢɧɟɣɧɵɯ ɤɨɧɬɚɤɬɧɵɯ ɫɢɥ ɢ ɭɝɥɚ ɤɨɧɬɚɤɬɚ ɧɚ 
ɚɦɩɥɢɬɭɞɧɨ-ɱɚɫɬɨɬɧɵɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ (Ⱥɑɏ), 
ɪɟɡɨɧɚɧɫɧɵɟ ɪɟɠɢɦɵ ɢ ɛɢɮɭɪɤɚɰɢɢ ɤɨɥɟɛɚɧɢɣ 
ɪɨɬɨɪɚ ɧɚ ɪɚɞɢɚɥɶɧɨ-ɭɩɨɪɧɵɯ ɲɚɪɢɤɨɩɨɞɲɢɩ-
ɧɢɤɚɯ ɫ ɩɪɟɞɜɚɪɢɬɟɥɶɧɵɦ ɩɨɞɠɚɬɢɟɦ. 
 
ɍɪɚɜɧɟɧɢя ɤɨɥɟɛɚɧɢɣ ɪɨɬɨɪɚ 
 
ɋɯɟɦɚ ɪɨɬɨɪɚ ɫ ɞɢɫɤɚɦɢ ɢ ɤɨɨɪɞɢɧɚɬɧɵɦɢ 
ɨɫɹɦɢ ɩɨɤɚɡɚɧɚ ɧɚ ɪɢɫ. 1, 2. ɉɪɢɛɨɪɵ ɢ ɚɝɪɟ-
ɝɚɬɵ ɫ ɩɪɟɞɜɚɪɢɬɟɥɶɧɨ ɩɨɞɠɚɬɵɦɢ ɪɚɞɢɚɥɶɧɨ-
ɭɩɨɪɧɵɦɢ ɩɨɞɲɢɩɧɢɤɚɦɢ ɢɦɟɸɬ ɤɨɪɨɬɤɢɣ 









Ɋɢɫ. 2. ɋɯɟɦɚ ɲɚɪɢɤɨɩɨɞɲɢɩɧɢɤɚ 
 
Ⱦɥɢɧɭ ɜɚɥɚ ɨɛɨɡɧɚɱɢɦ ɱɟɪɟɡ l; ɩɟɪɟɦɟɳɟɧɢɹ 
ɫɪɟɞɢɧɧɨɣ ɥɢɧɢɢ ɜɚɥɚ ɩɨ ɧɚɩɪɚɜɥɟɧɢɸ ɤɨɨɪ-
ɞɢɧɚɬɧɵɯ ɨɫɟɣ – xu , yu , zu  ɡɚɩɢɫɵɜɚɸɬɫɹ 
ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 
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ɝɞɟ ζ – ɤɨɨɪɞɢɧɚɬɚ ɫɟɱɟɧɢɹ ɜɚɥɚ ɩɨ ɨɫɢ z;  tx1 ,  tx2 ,  ty1 ,  ty2  – ɨɛɨɛɳёɧɧɵɟ ɤɨɨɪ-
ɞɢɧɚɬɵ, ɨɩɢɫɵɜɚɸɳɢɟ ɪɚɞɢɚɥɶɧɵɟ ɩɟɪɟɦɟ-
ɳɟɧɢɹ ɰɚɩɮ; t – ɜɪɟɦɹ.  
 
ȼɧɭɬɪɟɧɧɢɟ ɤɨɥɶɰɚ ɲɚɪɢɤɨɩɨɞɲɢɩɧɢɤɨɜ ɫɨ-
ɜɟɪɲɚɸɬ ɤɚɤ ɪɚɞɢɚɥɶɧɵɟ, ɬɚɤ ɢ ɨɫɟɜɵɟ ɤɨɥɟ-
ɛɚɧɢɹ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɚɪɭɠɧɵɯ ɤɨɥɟɰ. Ɉɬɦɟ-
ɬɢɦ, ɱɬɨ ɩɟɪɟɦɟɳɟɧɢɹ ɦɚɥɵ ɩɨ ɫɪɚɜɧɟɧɢɸ ɫ 
ɞɥɢɧɨɣ ɜɚɥɚ. Ɍɨɝɞɚ ɩɪɨɞɨɥɶɧɵɟ ɤɨɥɟɛɚɧɢɹ 
ɪɨɬɨɪɚ ɜɞɨɥɶ ɤɨɨɪɞɢɧɚɬɧɨɣ ɨɫɢ z ɦɨɠɧɨ ɨɩɢ-
ɫɚɬɶ ɨɞɧɨɣ ɨɛɨɛɳёɧɧɨɣ ɤɨɨɪɞɢɧɚɬɨɣ  tz . 
Ⱦɥɹ ɫɨɫɬɚɜɥɟɧɢɹ ɭɪɚɜɧɟɧɢɣ ɞɜɢɠɟɧɢɹ ɜɨɫɩɨɥɶ-
ɡɭɟɦɫɹ ɭɪɚɜɧɟɧɢɹɦɢ Ʌɚɝɪɚɧɠɚ ɜɬɨɪɨɝɨ ɪɨɞɚ. 































ɝɞɟ ρ – ɩɥɨɬɧɨɫɬɶ ɦɚɬɟɪɢɚɥɚ ɜɚɥɚ; I – ɦɨɦɟɧɬ 
ɢɧɟɪɰɢɢ ɫɟɱɟɧɢɹ ɜɚɥɚ; S – ɩɥɨɳɚɞɶ ɫɟɱɟɧɢɹ 
ɜɚɥɚ; Ω – ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɜɪɚɳɟɧɢɹ ɪɨɬɨɪɚ, 
z
uy1 , zux2  – ɭɝɥɵ ɩɨɜɨɪɨɬɚ ɫɟɱɟ-
ɧɢɣ ɜɚɥɚ.  
 
Ɂɚɩɢɲɟɦ ɤɢɧɟɬɢɱɟɫɤɭɸ ɷɧɟɪɝɢɸ ν-ɝɨ ɞɢɫɤɚ 
 ,D  
























ɝɞɟ ,1I  – ɷɤɜɚɬɨɪɢɚɥɶɧɵɣ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ; 
,0I  – ɩɨɥɹɪɧɵɣ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ; ,0m  – ɦɚɫ-
ɫɚ;   – ɤɨɨɪɞɢɧɚɬɚ ν-ɝɨ ɞɢɫɤɚ ɩɨ ɨɫɢ z.  
 
ɉɨɬɟɧɰɢɚɥɶɧɚɹ ɷɧɟɪɝɢɹ ɪɨɬɨɪɚ   ɹɜɥɹɟɬɫɹ 
ɷɧɟɪɝɢɟɣ ɭɩɪɭɝɨɣ ɞɟɮɨɪɦɚɰɢɢ ɩɨɞɲɢɩɧɢɤɨɜ. 
Ʉɨɦɩɨɧɟɧɬɵ ɭɩɪɭɝɢɯ ɪɟɚɤɰɢɣ ɩɨɞɲɢɩɧɢɤɚ 
ɜɞɨɥɶ ɨɫɟɣ zyx ,,  ɩɨɥɭɱɟɧɵ ɜ ɪɚɛɨɬɟ [3]; ɨɧɢ 
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   , 
 
ɝɞɟ x , y , z – ɫɦɟɳɟɧɢɹ ɰɟɧɬɪɚ ɜɧɭɬɪɟɧɧɟɝɨ 
ɤɨɥɶɰɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɰɟɧɬɪɚ ɧɚɪɭɠɧɨɝɨ 
ɤɨɥɶɰɚ; ȝ – ɧɨɦɟɪ ɨɛɨɛɳёɧɧɨɣ ɤɨɨɪɞɢɧɚɬɵ 
ɰɚɩɮɵ; ɭɝɨɥ ɤɨɧɬɚɤɬɚ α ɢ ɭɝɨɥ   ɩɨɤɚɡɚɧɵ 
ɧɚ ɪɢɫ. 2; Ȟ ɢ BN  – ɧɨɦɟɪ ɢ ɤɨɥɢɱɟɫɬɜɨ ɲɚ-
ɪɢɤɨɜ; 0P  – ɫɢɥɚ ɩɪɟɞɜɚɪɢɬɟɥɶɧɨɝɨ ɨɫɟɜɨɝɨ 
ɧɚɬɹɝɚ; 0z  – ɨɫɟɜɨɟ ɫɦɟɳɟɧɢɟ ɜɧɭɬɪɟɧɧɟɝɨ 
ɤɨɥɶɰɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɜɧɟɲɧɟɝɨ ɤɨɥɶɰɚ ɨɬ 
ɞɟɣɫɬɜɢɹ ɫɢɥɵ 0P .  
 
ȼɟɥɢɱɢɧɭ 0z  ɨɩɪɟɞɟɥɹɟɦ ɢɡ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ 
ɫɨɨɬɧɨɲɟɧɢɣ ɜ ɡɨɧɚɯ ɤɨɧɬɚɤɬɚ 
    sin2 210 BK dwwRz , 
 
ɝɞɟ KR  – ɪɚɞɢɭɫɵ ɤɚɧɚɜɨɤ ɤɚɱɟɧɢɹ ɜ ɤɨɥɶɰɚɯ 
ɩɨɞɲɢɩɧɢɤɚ; 1w  ɢ 2w  – ɫɛɥɢɠɟɧɢɹ ɜɧɭɬɪɟɧ-
ɧɟɝɨ ɢ ɜɧɟɲɧɟɝɨ ɤɨɥɟɰ ɫ ɲɚɪɢɤɨɦ ɩɨ ɧɚɩɪɚɜ-
ɥɟɧɢɸ ɥɢɧɢɢ ɤɨɧɬɚɤɬɚ, ɜɵɡɜɚɧɧɵɟ ɩɪɟɞɜɚɪɢ-
ɬɟɥɶɧɵɦ ɨɫɟɜɵɦ ɩɨɞɠɚɬɢɟɦ; Bd  – ɞɢɚɦɟɬɪ 
ɲɚɪɢɤɚ.  
 
ɋɛɥɢɠɟɧɢɹ ɜɵɱɢɫɥɹɟɦ ɩɨ ɮɨɪɦɭɥɟ Ƚɟɪɰɚ (8) 
 
3
2 ;  1,2,i i Kw b P i   
 
ɝɞɟ 1b  ɢ 2b – ɤɨɷɮɮɢɰɢɟɧɬɵ ɮɨɪɦɭɥɵ Ƚɟɪɰɚ; 
KP  – ɫɢɥɚ ɫɠɚɬɢɹ, ɞɟɣɫɬɜɭɸɳɚɹ ɩɨ ɧɚɩɪɚɜ-
ɥɟɧɢɸ ɥɢɧɢɢ ɤɨɧɬɚɤɬɚ 
  0 sinK BP P N  . 
 
ɍɝɨɥ α ɨɩɪɟɞɟɥɹɟɬɫɹ ɢɡ ɭɪɚɜɧɟɧɢɹ  
   2121 2cos2 RRRdwwR KBK  , 
 
ɝɞɟ 1R  ɢ 2R  – ɪɚɞɢɭɫɵ ɜɧɭɬɪɟɧɧɟɝɨ ɢ ɜɧɟɲ-
ɧɟɝɨ ɤɨɥɟɰ, ɢɡɦɟɪɟɧɧɵɟ ɨɬ ɨɫɢ ɩɨɞɲɢɩɧɢɤɚ 
ɞɨ ɫɟɪɟɞɢɧ ɤɚɧɚɜɨɤ ɤɚɱɟɧɢɹ. 
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Ʉɨɷɮɮɢɰɢɟɧɬɵ ɮɨɪɦɭɥɵ Ƚɟɪɰɚ ɨɩɪɟɞɟɥɟɧɵ 
ɜɵɪɚɠɟɧɢɟɦ 















ɝɞɟ 11, EF  – ɷɥɥɢɩɬɢɱɟɫɤɢɟ ɢɧɬɟɝɪɚɥɵ ɩɟɪɜɨ-
ɝɨ ɢ ɜɬɨɪɨɝɨ ɪɨɞɚ; 11K , 12K , 21K , 22K  – ɤɪɢ-
ɜɢɡɧɵ ɝɥɚɜɧɵɯ ɧɨɪɦɚɥɶɧɵɯ ɫɟɱɟɧɢɣ ɤɨɧɬɚɤ-
ɬɢɪɭɸɳɢɯ ɩɨɜɟɪɯɧɨɫɬɟɣ; k – ɤɨɪɟɧɶ 
ɬɪɚɧɫɰɟɧɞɟɧɬɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 
        2212211121111 KKKKkEFEF  . 
 
ȼɟɥɢɱɢɧɵ 1  ɢ 2  ɡɚɜɢɫɹɬ ɨɬ ɫɜɨɣɫɬɜ ɦɚɬɟ-








   , 
 
ɝɞɟ i  ɢ iE  – ɤɨɷɮɮɢɰɢɟɧɬɵ ɉɭɚɫɫɨɧɚ ɢ ɦɨ-
ɞɭɥɢ ɭɩɪɭɝɨɫɬɢ ɦɚɬɟɪɢɚɥɨɜ ɩɨɞɲɢɩɧɢɤɨɜɵɯ 
ɤɨɥɟɰ ɢ ɲɚɪɢɤɨɜ. 
 
ȼɵɪɚɠɟɧɢɹ (1) ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ 
ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ ɩɨ ɨɛɨɛɳёɧɧɵɦ ɤɨɨɪɞɢɧɚ-
ɬɚɦ ɰɚɩɮ, ɨɝɪɚɧɢɱɢɜɲɢɫɶ ɬɪɟɬɶɢɦ ɩɨɪɹɞɤɨɦ 














c x z c x
P c x
z z




















c y z c y
P c y
z z
c y x c y z
z z
  
   
   
 
















































  221210 cossin
4
3
Kzc Br ,  
 2tg2 ra cc . 
 
ɂɡ ɫɨɨɬɧɨɲɟɧɢɣ (2) ɫɥɟɞɭɟɬ, ɱɬɨ ɩɟɪɟɦɟɳɟ-
ɧɢɟ ɨɩɨɪɧɨɝɨ ɫɟɱɟɧɢɹ ɜɚɥɚ ɩɨ ɥɸɛɨɦɭ ɧɚ-
ɩɪɚɜɥɟɧɢɸ ɜɵɡɵɜɚɟɬ ɪɟɚɤɰɢɸ ɩɨɞɲɢɩɧɢɤɚ 
ɩɨ ɜɫɟɦ ɬɪёɦ ɤɨɨɪɞɢɧɚɬɧɵɦ ɧɚɩɪɚɜɥɟɧɢɹɦ. 
Ⱦɟɦɩɮɢɪɨɜɚɧɢɟ, ɨɛɭɫɥɨɜɥɟɧɧɨɟ ɫɦɚɡɤɨɣ ɨɩɨɪ, 
ɨɛɵɱɧɨ ɨɩɪɟɞɟɥɹɸɬ ɧɚ ɨɫɧɨɜɟ ɷɤɫɩɟɪɢɦɟɧɬɨɜ 
ɢ ɨɩɢɫɵɜɚɸɬ ɦɨɞɟɥɶɸ ɜɹɡɤɨɝɨ ɬɪɟɧɢɹ [9]. 




C   , 
 
ɝɞɟ C – ɤɨɷɮɮɢɰɢɟɧɬ ɫɨɩɪɨɬɢɜɥɟɧɢɹ. Ʉɨɥɟ-
ɛɚɧɢɹ ɜɨɡɛɭɠɞɚɸɬɫɹ ɫɢɥɨɣ ɞɢɫɛɚɥɚɧɫɚ ɞɢɫɤɚ  ,  Q t . 
 
ɂɫɩɨɥɶɡɭɹ ɩɪɟɞɫɬɚɜɥɟɧɧɵɣ ɜɵɲɟ ɚɧɚɥɢɡ, 
ɡɚɩɢɲɟɦ ɭɪɚɜɧɟɧɢɹ ɞɜɢɠɟɧɢɹ ɪɨɬɨɪɚ ɜ ɫɥɟ-
ɞɭɸɳɟɦ ɜɢɞɟ: 
                             ,~ 23 2QUUKUKUUK UKUKUCUGUM   , 
(3) 
ɝɞɟ  M  – ɦɚɬɪɢɰɚ ɦɚɫɫ;  G  – ɝɢɪɨɫɤɨ-
ɩɢɱɟɫɤɚɹ ɦɚɬɪɢɰɚ;  C  – ɦɚɬɪɢɰɚ ɞɟɦɩɮɢɪɨɜɚ-
ɧɢɹ;  K  − ɦɚɬɪɢɰɚ ɠёɫɬɤɨɫɬɢ;  K ,  K ,  K  ɢ  K~  – ɦɚɬɪɢɰɵ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɧɟɥɢɧɟɣɧɨɣ 
ɠёɫɬɤɨɫɬɢ;     zyxyxU BBAA  – 
ɜɟɤɬɨɪ ɛɟɡɪɚɡɦɟɪɧɵɯ ɨɛɨɛɳёɧɧɵɯ ɤɨɨɪɞɢ-
ɧɚɬ, ω ɢ τ – ɛɟɡɪɚɡɦɟɪɧɵɟ ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɢ 
ɜɪɟɦɹ. Ʉɨɦɩɨɧɟɧɬɵ ɜɟɤɬɨɪɨɜ  UU ,  2U ,  UU 2 ,  3U  ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɩɪɨɢɡɜɟɞɟ-
ɧɢɹ ɨɛɨɛɳёɧɧɵɯ ɤɨɨɪɞɢɧɚɬ ɜɬɨɪɨɣ ɢ ɬɪɟɬɶɟɣ 
ɫɬɟɩɟɧɢ.  
 
Ȼɟɡɪɚɡɦɟɪɧɵɟ ɩɚɪɚɦɟɬɪɵ ɨɩɪɟɞɟɥɟɧɵ ɬɚɤɢɦ 
ɨɛɪɚɡɨɦ: 01 zxxA  , 01 zyyA  , 02 zxxB  , 
02 zyyB  , 0zzzA  , 1 , 1 t , 
ɝɞɟ 1  – ɨɫɧɨɜɧɚɹ ɪɟɡɨɧɚɧɫɧɚɹ ɱɚɫɬɨɬɚ ɥɢɧɟ-
ɚɪɢɡɨɜɚɧɧɨɣ ɫɢɫɬɟɦɵ ɩɪɢ 15 . 
 
ɉɨɫɬɪɨɟɧɢɟ Ⱥɑɏ ɦɟɬɨɞɨɦ ɩɪɨɞɨɥɠɟɧɢя  
ɩɨ ɩɚɪɚɦɟɬɪɭ 
 
ɉɨɞ Ⱥɑɏ ɩɨɧɢɦɚɟɦ ɡɚɜɢɫɢɦɨɫɬɶ ɩɨɥɭɪɚɡɦɚ-
ɯɚ ɤɨɥɟɛɚɧɢɣ ɨɬ ɱɚɫɬɨɬɵ. ɍɪɚɜɧɟɧɢɟ (3) 
ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɜ ɜɢɞɟ 
         ,, UUfU  ,                 (4) 
ВеȟȠник ХНАДУ, вып. 64, 2014 
 
70 
ɝɞɟ  f – n-ɦɟɪɧɚɹ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ. Ɉɛɨɡɧɚ-
ɱɢɜ    UV  , ɩɟɪɟɩɢɲɟɦ (4) ɜ ɜɢɞɟ ɫɢɫɬɟɦɵ 
ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɩɟɪɜɨɝɨ ɩɨ-
ɪɹɞɤɚ 
       ,YY ,                    (5) 
 
ɝɞɟ   – 2n-ɦɟɪɧɚɹ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ,        VUY .  
 
ɍɫɥɨɜɢɟ ɩɟɪɢɨɞɢɱɧɨɫɬɢ ɪɟɲɟɧɢɣ ɭɪɚɜɧɟɧɢɹ 
(5) ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɜ ɜɢɞɟ 
      TYY 0 ,                   (6) 
 
ɝɞɟ T – ɩɟɪɢɨɞ.  
 
ȿɫɥɢ ɜɜɟɫɬɢ ɜ ɪɚɫɫɦɨɬɪɟɧɢɟ ɜɟɤɬɨɪɵ     00 YY   ɢ     TYY T  , ɨɩɪɟɞɟɥɹɸɳɢɟ 
ɫɨɫɬɨɹɧɢɟ ɫɢɫɬɟɦɵ (10) ɜ ɦɨɦɟɧɬɵ ɜɪɟɦɟɧɢ 
0  ɢ T , ɬɨ ɡɚɞɚɱɭ Ʉɨɲɢ (5) ɫ ɤɪɚɟɜɵɦɢ 
ɭɫɥɨɜɢɹɦɢ (6) ɦɨɠɧɨ ɫɜɟɫɬɢ ɤ ɪɟɲɟɧɢɸ ɧɟ-
ɹɜɧɨɝɨ ɭɪɚɜɧɟɧɢɹ  
      00 YYY T  .               (7) 
 
ɉɨɫɤɨɥɶɤɭ ɮɭɧɤɰɢɸ    
T
YY 0  ɧɟ ɭɞɚёɬɫɹ 
ɨɩɢɫɚɬɶ ɚɧɚɥɢɬɢɱɟɫɤɢ, ɞɥɹ ɟё ɨɩɪɟɞɟɥɟɧɢɹ 
ɢɧɬɟɝɪɢɪɭɟɦ ɫɢɫɬɟɦɭ (5) ɱɢɫɥɟɧɧɵɦ ɦɟɬɨɞɨɦ 
Ɋɭɧɝɟ-Ʉɭɬɬɚ. ȼɛɥɢɡɢ ɪɟɡɨɧɚɧɫɧɨɣ ɱɚɫɬɨɬɵ 
Ⱥɑɏ ɦɨɠɟɬ ɛɵɬɶ ɧɟɨɞɧɨɡɧɚɱɧɨɣ. ȼɧɟ ɪɟɡɨ-
ɧɚɧɫɧɨɣ ɨɛɥɚɫɬɢ Ⱥɑɏ ɧɟɥɢɧɟɣɧɨɣ ɫɢɫɬɟɦɵ 
ɩɪɢɛɥɢɠɚɟɬɫɹ ɤ Ⱥɑɏ ɥɢɧɟɣɧɨɣ ɫɢɫɬɟɦɵ. ɉɨ-
ɷɬɨɦɭ ɞɥɹ ɩɨɫɬɪɨɟɧɢɹ ɩɟɪɜɨɝɨ ɩɪɢɛɥɢɠɟɧɢɹ 
ɧɚɱɚɥɶɧɨɣ ɬɨɱɤɢ Ⱥɑɏ ɨɩɪɟɞɟɥɹɟɦ ɫɨɛɫɬɜɟɧ-
ɧɵɟ ɱɚɫɬɨɬɵ ɥɢɧɟɚɪɢɡɨɜɚɧɧɨɣ ɫɢɫɬɟɦɵ ɢ 
ɪɟɲɚɟɦ ɭɪɚɜɧɟɧɢɟ (7) ɞɥɹ ɷɬɨɣ ɫɢɫɬɟɦɵ ɜ 
ɫɬɨɪɨɧɟ ɨɬ ɨɫɧɨɜɧɨɝɨ ɪɟɡɨɧɚɧɫɚ. Ⱦɚɥɟɟ ɭɬɨɱ-
ɧɹɟɦ ɪɟɲɟɧɢɟ ɢɬɟɪɚɰɢɨɧɧɵɦ ɦɟɬɨɞɨɦ. ȼɬɨ-
ɪɭɸ ɬɨɱɤɭ Ⱥɑɏ ɧɚɯɨɞɢɦ, ɜɵɩɨɥɧɹɹ ɡɚɪɚɧɟɟ 
ɧɚɡɧɚɱɟɧɧɵɣ ɲɚɝ ɩɨ ɩɚɪɚɦɟɬɪɭ ɩɪɨɞɨɥɠɟɧɢɹ 
ɜ ɫɬɨɪɨɧɭ ɪɟɡɨɧɚɧɫɧɨɣ ɨɛɥɚɫɬɢ.  
 
ɉɚɪɚɦɟɬɪɨɦ ɩɪɨɞɨɥɠɟɧɢɹ ɞɥɹ ɩɟɪɜɵɯ ɬɨɱɟɤ 
Ⱥɑɏ ɹɜɥɹɟɬɫɹ ɱɚɫɬɨɬɚ. ȼ ɤɚɱɟɫɬɜɟ ɧɚɱɚɥɶɧɨ-
ɝɨ ɩɪɢɛɥɢɠɟɧɢɹ ɞɥɹ ɢɬɟɪɚɰɢɨɧɧɨɝɨ ɨɩɪɟɞɟ-
ɥɟɧɢɹ ɜɬɨɪɨɣ ɬɨɱɤɢ Ⱥɑɏ ɛɟɪёɦ ɜɟɤɬɨɪ  0Y , 
ɩɨɫɬɪɨɟɧɧɵɣ ɞɥɹ ɩɟɪɜɨɣ ɬɨɱɤɢ. ɇɚɱɚɥɶɧɵɟ 
ɩɪɢɛɥɢɠɟɧɢɹ ɞɥɹ ɩɨɫɥɟɞɭɸɳɢɯ ɬɨɱɟɤ Ⱥɑɏ 
ɨɩɪɟɞɟɥɹɟɦ ɥɢɧɟɣɧɨɣ ɷɤɫɬɪɚɩɨɥɹɰɢɟɣ ɪɟ-
ɡɭɥɶɬɚɬɨɜ, ɩɨɥɭɱɟɧɧɵɯ ɞɥɹ ɞɜɭɯ ɩɪɟɞɵɞɭɳɢɯ 
ɬɨɱɟɤ. ɇɚɱɢɧɚɹ ɫɨ ɜɬɨɪɨɝɨ ɲɚɝɚ, ɲɚɝ ɩɨ ɩɚ-
ɪɚɦɟɬɪɭ ɩɪɨɞɨɥɠɟɧɢɹ ω ɨɩɪɟɞɟɥɹɟɬɫɹ ɫɥɟ-
ɞɭɸɳɢɦ ɫɨɨɬɧɨɲɟɧɢɟɦ 
  1 optj j jh N N    ,           (8) 
 
ɝɞɟ j – ɧɨɦɟɪ ɩɨɫɥɟɞɧɟɣ ɩɨɫɬɪɨɟɧɧɨɣ ɬɨɱɤɢ 
Ⱥɑɏ, jN  – ɤɨɥɢɱɟɫɬɜɨ ɜɵɩɨɥɧɟɧɧɵɯ ɩɪɢ 
ɩɨɫɬɪɨɟɧɢɢ ɷɬɨɣ ɬɨɱɤɢ ɢɬɟɪɚɰɢɣ, opt 3N   – 
ɨɩɬɢɦɚɥɶɧɨɟ ɤɨɥɢɱɟɫɬɜɨ ɢɬɟɪɚɰɢɣ. ɋɨɨɬɜɟɬ-
ɫɬɜɟɧɧɨ   hjj 1 . 
 
ȼɛɥɢɡɢ ɪɟɡɨɧɚɧɫɚ ɧɚ Ⱥɑɏ ɦɨɝɭɬ ɩɨɹɜɢɬɶɫɹ 
ɨɫɨɛɵɟ ɬɨɱɤɢ, ɜ ɤɨɬɨɪɵɯ ɤɚɫɚɬɟɥɶɧɚɹ ɤ ɤɪɢɜɨɣ 
ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɚ ɨɫɢ ɚɛɫɰɢɫɫ. ɉɪɢ ɩɨɞɯɨɞɟ ɤ 
ɷɬɨɣ ɬɨɱɤɟ ɧɚɞɨ ɦɟɧɹɬɶ ɩɚɪɚɦɟɬɪ ɩɪɨɞɨɥɠɟ-
ɧɢɹ Ⱥɑɏ ɫ ɱɚɫɬɨɬɵ ɧɚ ɨɞɧɭ ɢɯ ɮɚɡɨɜɵɯ ɤɨ-
ɨɪɞɢɧɚɬ. Ɍɚɤɭɸ ɡɚɞɚɱɭ ɩɨɫɬɪɨɟɧɢɹ ɬɨɱɟɤ 
Ⱥɑɏ ɧɚɡɵɜɚɸɬ ɢɧɜɟɪɬɢɪɨɜɚɧɧɨɣ [10]. ɍɫɥɨ-
ɜɢɟ ɩɟɪɟɯɨɞɚ ɤ ɢɧɜɟɪɬɢɪɨɜɚɧɧɨɣ ɡɚɞɚɱɟ – 
ɜɵɩɨɥɧɟɧɢɟ ɯɨɬɹ ɛɵ ɞɥɹ ɨɞɧɨɣ ɢɡ ɮɚɡɨɜɵɯ 
ɤɨɨɪɞɢɧɚɬ ɧɟɪɚɜɟɧɫɬɜɚ  
     nkYY jjjkjk 2,1,111,,   ,     (9) 
 
ɝɞɟ kY  – ɪɚɡɦɚɯ ɮɚɡɨɜɨɣ ɤɨɨɪɞɢɧɚɬɵ ɫ ɧɨɦɟ-
ɪɨɦ k; j – ɧɨɦɟɪ ɬɨɱɤɢ. Ⱦɥɹ ɭɫɩɟɲɧɨɝɨ ɩɪɨ-
ɯɨɠɞɟɧɢɹ ɨɫɨɛɵɯ ɬɨɱɟɤ ɧɚ ɤɚɠɞɨɦ ɲɚɝɟ  
ɩɨɫɬɪɨɟɧɢɹ Ⱥɑɏ ɜ ɤɚɱɟɫɬɜɟ ɩɚɪɚɦɟɬɪɚ ɩɪɨ-
ɞɨɥɠɟɧɢɹ ɜɵɛɢɪɚɟɬɫɹ ɬɚ ɮɚɡɨɜɚɹ ɤɨɨɪɞɢɧɚɬɚ, 
ɞɥɹ ɤɨɬɨɪɨɣ ɫɨɨɬɧɨɲɟɧɢɟ (9) ɦɚɤɫɢɦɚɥɶɧɨɟ. 
ɍɩɪɚɜɥɟɧɢɟ ɞɥɢɧɨɣ ɲɚɝɚ ɢɧɜɟɪɬɢɪɨɜɚɧɧɨɣ 
ɡɚɞɚɱɢ ɬɚɤɠɟ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ ɩɨ ɮɨɪɦɭɥɟ (8).  
 
ɍɬɨɱɧɟɧɢɟ ɪɟɲɟɧɢɣ ɤɚɤ ɩɪɹɦɨɣ, ɬɚɤ ɢ ɢɧɜɟɪ-
ɬɢɪɨɜɚɧɧɨɣ ɡɚɞɚɱɢ ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ ɦɟɬɨɞɨɦ 
ɇɶɸɬɨɧɚ. ɇɟɫɦɨɬɪɹ ɧɚ ɬɨ, ɱɬɨ ɢɬɟɪɚɰɢɨɧɧɵɣ 
ɦɟɬɨɞ ɇɶɸɬɨɧɚ ɲɢɪɨɤɨ ɢɫɩɨɥɶɡɭɟɬɫɹ ɜ ɩɨ-
ɫɥɟɞɧɢɟ ɝɨɞɵ ɞɥɹ ɚɧɚɥɢɡɚ ɧɟɥɢɧɟɣɧɵɯ ɫɢɫ-
ɬɟɦ [11], ɜ ɢɡɜɟɫɬɧɵɯ ɚɜɬɨɪɚɦ ɩɭɛɥɢɤɚɰɢɹɯ 
ɧɚ ɪɭɫɫɤɨɦ ɹɡɵɤɟ ɨɩɢɫɚɧɚ ɬɨɥɶɤɨ ɟɝɨ ɪɟɚɥɢ-
ɡɚɰɢɹ ɫ ɤɨɧɟɱɧɨ-ɪɚɡɧɨɫɬɧɵɦ ɜɵɱɢɫɥɟɧɢɟɦ 
ɩɪɨɢɡɜɨɞɧɵɯ.  
 
ȼ ɷɬɨɣ ɪɚɛɨɬɟ ɢɫɩɨɥɶɡɨɜɚɧɚ ɪɟɚɥɢɡɚɰɢɹ ɦɟ-
ɬɨɞɚ ɇɶɸɬɨɧɚ ɫ ɜɵɱɢɫɥɟɧɢɟɦ ɩɪɨɢɡɜɨɞɧɵɯ 
ɨɞɧɨɜɪɟɦɟɧɧɵɦ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟɦ ɜɚɪɢɚɰɢɣ, 
ɤɨɬɨɪɚɹ ɩɪɢɜɟɞɟɧɚ ɧɢɠɟ. ɍɪɚɜɧɟɧɢɹ ɢɬɟɪɚ-
ɰɢɨɧɧɨɝɨ ɦɟɬɨɞɚ ɇɶɸɬɨɧɚ ɞɥɹ ɪɟɲɟɧɢɹ ɩɪɹ-
ɦɨɣ ɡɚɞɚɱɢ (7) ɡɚɩɢɫɵɜɚɸɬɫɹ ɬɚɤ: 
                     , ,010 000 Y TY hYY YYYhEYJ    (10) 
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ɝɞɟ           nTT YYYYYJ 2,01,00 ...   – 
ɦɚɬɪɢɰɚ əɤɨɛɢ;  E – ɟɞɢɧɢɱɧɚɹ ɦɚɬɪɢɰɚ;  
κ – ɧɨɦɟɪ ɢɬɟɪɚɰɢɢ;  Yh  – ɜɟɤɬɨɪ ɲɚɝɚ ɢɬɟ-
ɪɚɰɢɢ.  
 
ɋɬɨɥɛɰɵ ɦɚɬɪɢɰɵ əɤɨɛɢ ɜɵɱɢɫɥɹɟɦ ɫɥɟɞɭ-
ɸɳɢɦ ɨɛɪɚɡɨɦ. ɇɚ ɨɫɧɨɜɚɧɢɢ (5) i-ɣ ɫɬɨɥɛɟɰ 
ɦɚɬɪɢɰɵ əɤɨɛɢ ɡɚɩɢɲɟɦ ɬɚɤ: 
























.     (11) 
 
ȼ (11) ɩɪɨɢɡɜɨɞɧɵɟ   kY  ɦɨɠɟɦ ɨɩɪɟɞɟ-
ɥɢɬɶ ɚɧɚɥɢɬɢɱɟɫɤɢ, ɬɚɤ ɤɚɤ ɢɡɜɟɫɬɧɵ ɭɪɚɜɧɟ-
ɧɢɹ ɤɨɥɟɛɚɧɢɣ, ɚ ɩɪɨɢɡɜɨɞɧɵɟ ikik YY ,,0   
– ɧɨɜɵɟ ɩɟɪɟɦɟɧɧɵɟ.  
 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɜɵɱɢɫɥɟɧɢɟ i-ɝɨ ɫɬɨɥɛɰɚ 
ɦɚɬɪɢɰɵ əɤɨɛɢ ɫɜɨɞɢɬɫɹ ɤ ɢɧɬɟɝɪɢɪɨɜɚɧɢɸ 
ɫɥɟɞɭɸɳɟɣ ɫɢɫɬɟɦɵ ɫ ɧɨɜɵɦɢ ɩɟɪɟɦɟɧɧɵɦɢ  
ik
 :  
         T nk ikkiT dYYY 0 2 1 ,,0          (12) 
 
ɇɚɱɚɥɶɧɵɟ ɭɫɥɨɜɢɹ ɷɬɢɯ ɩɟɪɟɦɟɧɧɵɯ: 
0,  ik , ɟɫɥɢ ik  , ɢ 1,  ik , ɟɫɥɢ ik  .  
 
ɑɬɨɛɵ ɡɧɚɬɶ ɜ ɩɪɨɰɟɫɫɟ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɡɧɚ-
ɱɟɧɢɹ ɤɨɦɩɨɧɟɧɬɨɜ ɜɟɤɬɨɪɚ  Y , ɜɯɨɞɹɳɟɝɨ ɜ 
ɜɵɪɚɠɟɧɢɹ ɩɪɨɢɡɜɨɞɧɵɯ   kY , ɫɨɜɦɟɫɬ-
ɧɨ ɢɧɬɟɝɪɢɪɭɸɬɫɹ nn 22   ɭɪɚɜɧɟɧɢɣ (12) ɢ 
2n ɭɪɚɜɧɟɧɢɣ (5). 
 
ȼ ɦɚɬɪɢɰɟ əɤɨɛɢ ɢɧɜɟɪɬɢɪɨɜɚɧɧɨɣ ɡɚɞɚɱɢ (10) 
ɫɬɨɥɛɟɰ ɩɪɨɢɡɜɨɞɧɵɯ   jT YY ,0 , ɫɨɨɬɜɟɬ-
ɫɬɜɭɸɳɢɣ ɧɨɜɨɦɭ ɩɚɪɚɦɟɬɪɭ ɩɪɨɞɨɥɠɟɧɢɹ 
jY , ɡɚɦɟɧɹɟɬɫɹ ɫɬɨɥɛɰɨɦ    TY ; ɜ ɦɚɬɪɢ-
ɰɟ  E  ɷɥɟɦɟɧɬ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɣ j-ɣ ɤɨɨɪ-
ɞɢɧɚɬɟ, ɡɚɦɟɧɹɟɬɫɹ ɧɭɥёɦ, ɜ ɜɟɤɬɨɪɟ  Yh  ɧɚ 
j-ɣ ɩɨɡɢɰɢɢ ɛɭɞɟɬ ɫɬɨɹɬɶ ɲɚɝ ɩɨ ɱɚɫɬɨɬɟ   
(10). ɉɪɢ ɜɵɱɢɫɥɟɧɢɢ ɷɬɨɝɨ ɫɬɨɥɛɰɚ ɢɧɬɟ-
ɝɪɢɪɨɜɚɧɢɟ ɩɪɨɢɡɜɨɞɢɬɫɹ ɩɪɢ ɩɟɪɟɦɟɧɧɨɦ 
ɜɟɪɯɧɟɦ ɩɪɟɞɟɥɟ  2T  ɢ ɩɪɢɜɨɞɢɬ ɤ ɜɵ-
ɪɚɠɟɧɢɸ (12) 
        
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
  (13) 
 
ɉɪɢ ɜɵɱɢɫɥɟɧɢɢ ɷɬɨɝɨ ɫɬɨɥɛɰɚ ɩɨɹɜɥɹɸɬɫɹ 
ɧɨɜɵɟ ɩɟɪɟɦɟɧɧɵɟ jkkY , , ɧɚɱɚɥɶɧɵɟ 
ɭɫɥɨɜɢɹ ɜɫɟɯ ɩɟɪɟɦɟɧɧɵɯ 0,  jk , j – ɧɨɦɟɪ 
ɫɬɨɥɛɰɚ ɩɚɪɚɦɟɬɪɚ ɩɪɨɞɨɥɠɟɧɢɹ ɢɧɜɟɪɬɢɪɨ-
ɜɚɧɧɨɣ ɡɚɞɚɱɢ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɜɵɱɢɫɥɟɧɢɟ  
j-ɝɨ ɫɬɨɥɛɰɚ ɦɚɬɪɢɰɵ əɤɨɛɢ ɫɜɨɞɢɬɫɹ ɤ ɢɧɬɟ-
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
.  (14) 
 
ɂɬɟɪɚɰɢɢ ɩɪɟɤɪɚɳɚɸɬɫɹ, ɤɨɝɞɚ ɜɵɩɨɥɧɹɟɬɫɹ 
ɭɫɥɨɜɢɟ  
   ni iiTi YYY2 1 ,0,,0 , 
 
ɝɞɟ 410  – ɩɨɝɪɟɲɧɨɫɬɶ ɢɬɟɪɚɰɢɣ.  
 
ɋɥɟɞɭɟɬ ɨɬɦɟɬɢɬɶ, ɱɬɨ ɞɥɹ ɫɯɨɞɢɦɨɫɬɢ ɢɬɟ-
ɪɚɰɢɣ ɩɨɝɪɟɲɧɨɫɬɶ ɱɢɫɥɟɧɧɨɝɨ ɢɧɬɟɝɪɢɪɨ-
ɜɚɧɢɹ RK  ɞɨɥɠɧɚ ɛɵɬɶ ɦɚɥɚ ɩɨ ɫɪɚɜɧɟɧɢɸ ɫ 
ɩɨɝɪɟɲɧɨɫɬɶɸ ɢɬɟɪɚɰɢɣ. ȼ ɧɚɲɢɯ ɪɚɫɱёɬɚɯ 
ɩɪɢɧɹɬɨ 810RK . ɉɨɫɥɟ ɨɤɨɧɱɚɧɢɹ ɢɬɟɪɚ-
ɰɢɣ ɟɳё ɪɚɡ ɜɵɩɨɥɧɹɟɦ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟ ɩɨ 
ɚɥɝɨɪɢɬɦɭ (12). ɉɨɥɭɱɟɧɧɚɹ ɦɚɬɪɢɰɚ ɛɭɞɟɬ 
ɦɚɬɪɢɰɟɣ ɦɨɧɨɞɪɨɦɢɢ, ɟё ɦɭɥɶɬɢɩɥɢɤɚɬɨɪɵ  i  ɨɩɪɟɞɟɥɹɸɬ ɭɫɬɨɣɱɢɜɨɫɬɶ ɢ ɯɚ-
ɪɚɤɬɟɪ ɛɢɮɭɪɤɚɰɢɣ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɣ ɬɨɱɤɢ 
Ⱥɑɏ (13). 
 
Ɋɟɡɭɥɶɬɚɬɵ ɱɢɫɥɟɧɧɵɯ ɢɫɫɥɟɞɨɜɚɧɢɣ 
 
Ɋɚɫɫɦɨɬɪɟɧɵ ɤɨɥɟɛɚɧɢɹ ɧɟɞɟɮɨɪɦɢɪɭɟɦɨɝɨ 
ɪɨɬɨɪɚ ɫ ɨɞɧɢɦ ɞɢɫɤɨɦ l = 0,5 ɦ, ζ1 = 0,125 ɦ, ɞɢɚɦɟɬɪ ɜɚɥɚ d = 0,025 ɦ, m0 = 10 ɤɝ, 
I1 = 0,1 ɤɝɦ2, I0 = 0,2 ɤɝɦ2, ɤɨɬɨɪɵɣ ɜɪɚɳɚ-ɟɬɫɹ ɧɚ ɪɚɞɢɚɥɶɧɨ-ɭɩɨɪɧɵɯ ɩɨɞɲɢɩɧɢɤɚɯ 
ɫɪɟɞɧɟɣ ɫɟɪɢɢ ɩɨ ȽɈɋɌ 831-75. ɏɚɪɚɤɬɟɪɧɵɟ 
ɩɚɪɚɦɟɬɪɵ ɩɨɞɲɢɩɧɢɤɚ ɬɚɤɨɜɵ: ɪɚɞɢɭɫɵ 
ɜɧɟɲɧɟɣ ɤɚɧɚɜɤɢ ɤɚɱɟɧɢɹ R2 ɞɥɹ ɭɝɥɨɜ α, 
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ɪɚɜɧɵɯ 12°, 15°, 26°, 36° ɢ 40° ɫɨɨɬɜɟɬɫɬɜɟɧ-
ɧɨ, ɪɚɜɧɵ 27,5125 ɦɦ, 27,5167 ɦɦ, 
27,5399 ɦɦ, 27,5709 ɦɦ ɢ 27,5858 ɦɦ; ɪɚ-
ɞɢɭɫ ɜɧɭɬɪɟɧɧɟɣ ɤɚɧɚɜɤɢ ɤɚɱɟɧɢɹ 
R1 = 16,000 ɦɦ; ɪɚɞɢɭɫ ɩɨɩɟɪɟɱɧɨɝɨ ɫɟɱɟɧɢɹ ɤɚɧɚɜɨɤ ɤɚɱɟɧɢɹ RK = 5,930 ɦɦ; ɞɢɚɦɟɬɪ ɲɚ-ɪɢɤɚ dB = 11,510 ɦɦ; ɤɨɥɢɱɟɫɬɜɨ ɲɚɪɢɤɨɜ 
ΝB = 7; ɦɨɞɭɥɶ ɭɩɪɭɝɨɫɬɢ E  = 2,1·1011 ɉɚ; 
ɤɨɷɮɮɢɰɢɟɧɬ ɉɭɚɫɫɨɧɚ   = 0,3. 
 
Ⱥɑɏ ɩɟɪɟɦɟɳɟɧɢɹ By  ɩɪɢ ɪɚɡɧɵɯ ɭɝɥɚɯ ɤɨɧ-
ɬɚɤɬɚ ɩɪɟɞɫɬɚɜɥɟɧɵ ɧɚ ɪɢɫ. 3, 4. ɇɟɭɫɬɨɣɱɢ-
ɜɵɟ ɪɟɠɢɦɵ ɩɨɤɚɡɚɧɵ ɲɬɪɢɯɨɜɵɦɢ ɥɢɧɢɹɦɢ. 
Ʉɪɢɜɢɡɧɚ ɤɚɧɚɜɨɤ ɤɚɱɟɧɢɹ ɜ ɲɚɪɢɤɨɩɨɞɲɢɩ-
ɧɢɤɟ – ɩɟɪɟɦɟɧɧɚɹ ɢ ɦɢɧɢɦɚɥɶɧɚ ɧɚ ɞɧɟ ɤɚ-
ɧɚɜɨɤ. ɉɪɢ ɞɜɢɠɟɧɢɢ ɬɨɱɤɢ ɤɨɧɬɚɤɬɚ ɲɚɪɢɤɚ 
ɨɬ ɞɧɚ ɤ ɛɨɤɨɜɨɣ ɩɨɜɟɪɯɧɨɫɬɢ ɤɪɢɜɢɡɧɚ ɩɨ-
ɜɟɪɯɧɨɫɬɢ ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɢ, ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, 
ɠёɫɬɤɨɫɬɶ ɡɨɧɵ ɤɨɧɬɚɤɬɚ ɭɦɟɧɶɲɚɟɬɫɹ. ɑɟɦ 
ɛɨɥɶɲɟ ɚɦɩɥɢɬɭɞɚ, ɬɟɦ ɡɧɚɱɢɬɟɥɶɧɟɟ ɢɡɦɟ-
ɧɟɧɢɟ ɠёɫɬɤɨɫɬɢ ɡɨɧɵ ɤɨɧɬɚɤɬɚ ɡɚ ɰɢɤɥ ɤɨ-





Ɋɢɫ. 3. Ⱥɑɏ ɤɨɨɪɞɢɧɚɬɵ yB; ɥɢɧɢɢ 1, 2, 3, 4 ɢ 
5 ɫɨɨɬɜɟɬɫɬɜɭɸɬ α, ɪɚɜɧɵ 12°, 15°, 26°, 




Ɋɢɫ. 4. Ɍɨɱɤɢ ɛɢɮɭɪɤɚɰɢɣ 
ɑɟɦ ɛɨɥɶɲɟ ɭɝɨɥ ɤɨɧɬɚɤɬɚ, ɬɟɦ ɛɨɥɶɲɟ ɤɪɢ-
ɜɢɡɧɚ ɩɨɜɟɪɯɧɨɫɬɢ ɤɚɧɚɜɨɤ ɤɚɱɟɧɢɹ ɜ ɡɨɧɟ 
ɤɨɧɬɚɤɬɚ, ɬɟɦ ɦɟɧɶɲɟ ɠёɫɬɤɨɫɬɶ ɡɨɧɵ ɤɨɧ-
ɬɚɤɬɚ ɢ, ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɦɟɧɶɲɟ ɱɚɫɬɨɬɚ ɤɨ-
ɥɟɛɚɧɢɣ, ɩɨɷɬɨɦɭ Ⱥɑɏ ɪɨɬɨɪɨɜ ɫ ɛɨɥɶɲɢɦɢ 
ɭɝɥɚɦɢ α ɧɚ ɪɢɫ. 3 ɪɚɫɩɨɥɨɠɟɧɵ ɥɟɜɟɟ. ɉɪɢ 
ɥɸɛɵɯ ɭɝɥɚɯ α Ⱥɑɏ ɢɦɟɟɬ ɬɨɱɤɢ ɩɨɬɟɪɢ 
ɭɫɬɨɣɱɢɜɨɫɬɢ, ɤɨɬɨɪɵɟ ɨɬɦɟɱɟɧɵ ɧɚ ɪɢɫ. 4. ȼ 
ɬɨɱɤɚɯ A ɧɚɢɛɨɥɶɲɢɣ ɦɭɥɶɬɢɩɥɢɤɚɬɨɪ ɦɚɬ-
ɪɢɰɵ ɦɨɧɨɞɪɨɦɢɢ ɫɬɚɧɨɜɢɬɫɹ ɞɟɣɫɬɜɢɬɟɥɶ-
ɧɵɦ ɱɢɫɥɨɦ 11   ɢ ɞɚɥɟɟ ɩɪɢ ɞɜɢɠɟɧɢɢ 
ɜɜɟɪɯ ɩɨ Ⱥɑɏ ɜɨɡɪɚɫɬɚɟɬ – ɷɬɨ ɫɟɞɥɨ-ɭɡɥɨɜɚɹ 
ɛɢɮɭɪɤɚɰɢɹ (13). ȼ ɬɨɱɤɚɯ B ɦɨɞɭɥɢ ɧɚɢɛɨ-
ɥɶɲɢɯ ɤɨɦɩɥɟɤɫɧɨ-ɫɨɩɪɹɠёɧɧɵɯ ɦɭɥɶɬɢɩɥɢ-
ɤɚɬɨɪɨɜ ɜɨɡɪɚɫɬɚɸɬ ɞɨ 12 2,12 2,12,1   ɢ 
ɞɚɥɟɟ ɪɚɫɬɭɬ ɤɚɤ 2,1 , ɬɚɤ ɢ 2,1 ; ɷɬɨ ɛɢɮɭɪ-
ɤɚɰɢɹ ɪɨɠɞɟɧɢɹ ɞɜɭɦɟɪɧɨɝɨ ɬɨɪɚ (13). Ɍɚɤɢɟ 
ɠɟ ɛɢɮɭɪɤɚɰɢɢ ɧɚɛɥɸɞɚɸɬɫɹ ɧɚ ɤɨɪɨɬɤɢɯ 
ɭɱɚɫɬɤɚɯ Ⱥɑɏ ɜ ɨɤɪɟɫɬɧɨɫɬɹɯ ɬɨɱɟɤ C. 
 
ɇɚ ɪɢɫ. 5, 6 ɩɨɤɚɡɚɧɵ ɢɡɦɟɧɟɧɢɹ ɮɚɡɨɜɵɯ 
ɤɨɨɪɞɢɧɚɬ ɧɚ ɭɫɬɨɣɱɢɜɵɯ ɪɟɠɢɦɚɯ ɩɪɢ 
3,0  ɢ 36 . ɗɬɢ ɬɨɱɤɢ Ⱥɑɏ ɧɚɯɨɞɹɬɫɹ 




Ɋɢɫ. 5. ɂɡɦɟɧɟɧɢɟ ɮɚɡɨɜɵɯ ɤɨɨɪɞɢɧɚɬ ɧɚ ɥɟ-




Ɋɢɫ. 6. ɂɡɦɟɧɟɧɢɟ ɮɚɡɨɜɵɯ ɤɨɨɪɞɢɧɚɬ ɧɚ ɩɪɚ-
ɜɨɣ ɜɟɬɜɢ: 1 – xA, 2 – yA, 3 – xB, 4 – yB, 5 – z 
yB 
x, y, z 
x, y, z yB 
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Ʉɪɢɜɵɟ ɩɪɚɤɬɢɱɟɫɤɢ ɧɟ ɨɬɥɢɱɚɸɬɫɹ ɨɬ ɝɚɪ-
ɦɨɧɢɤ. ɉɪɢ ɧɟɫɢɦɦɟɬɪɢɱɧɨɦ ɪɚɫɩɨɥɨɠɟɧɢɢ 
ɞɢɫɤɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɨɞɲɢɩɧɢɤɨɜ ɜɚɥɚ ɜɨ 
ɜɪɟɦɹ ɤɨɥɟɛɚɧɢɣ ɪɨɬɨɪɚ ɧɚɛɥɸɞɚɟɬɫɹ ɩɨɫɬɨ-
ɹɧɧɨɟ ɨɫɟɜɨɟ ɫɦɟɳɟɧɢɟ ɪɨɬɨɪɚ ɜ ɫɬɨɪɨɧɭ  
ɬɨɝɨ ɩɨɞɲɢɩɧɢɤɚ, ɤɨɬɨɪɵɣ ɛɥɢɠɟ ɤ ɞɢɫɤɭ 
(ɥɢɧɢɢ 5). ɉɪɢ ɷɬɨɦ ɚɦɩɥɢɬɭɞɚ ɤɨɥɟɛɚɧɢɣ 
ɨɩɨɪɧɨɝɨ ɫɟɱɟɧɢɹ ɜɚɥɚ, ɤɨɬɨɪɨɟ ɛɥɢɠɟ ɤ ɞɢɫɤɭ 
(ɥɢɧɢɢ 1, 2), ɦɟɧɶɲɟ, ɱɟɦ ɚɦɩɥɢɬɭɞɚ ɤɨɥɟɛɚ-
ɧɢɣ ɨɩɨɪɧɨɝɨ ɫɟɱɟɧɢɹ ɧɚ ɞɪɭɝɨɦ ɤɨɧɰɟ ɜɚɥɚ 
(ɥɢɧɢɢ 3, 4). Ɉɫɟɜɨɟ ɫɦɟɳɟɧɢɟ ɢ ɨɬɥɢɱɢɹ ɜ 
ɚɦɩɥɢɬɭɞɚɯ ɤɨɥɟɛɚɧɢɣ ɨɩɨɪɧɵɯ ɫɟɱɟɧɢɣ ɪɨ-




Ɋɚɡɪɚɛɨɬɚɧɵ ɦɨɞɟɥɶ ɢ ɦɟɬɨɞɢɤɚ ɢɫɫɥɟɞɨɜɚ-
ɧɢɹ ɜɵɧɭɠɞɟɧɧɵɯ ɧɟɥɢɧɟɣɧɵɯ ɤɨɥɟɛɚɧɢɣ 
ɪɨɬɨɪɨɜ ɧɚ ɲɚɪɢɤɨɩɨɞɲɢɩɧɢɤɚɯ ɫ ɩɪɟɞɜɚɪɢ-
ɬɟɥɶɧɵɦ ɨɫɟɜɵɦ ɩɨɞɠɚɬɢɟɦ. Ⱥɧɚɥɢɡ Ⱥɑɏ 
ɩɪɢ ɜɢɛɪɚɰɢɢ, ɜɵɡɜɚɧɧɨɣ ɞɢɫɛɚɥɚɧɫɨɦ, ɩɨɤɚ-
ɡɚɥ, ɱɬɨ ɜɫɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ ɦɹɝɤɢɟ, ɩɪɢ 
ɷɬɨɦ, ɱɟɦ ɛɨɥɶɲɟ ɭɝɨɥ ɤɨɧɬɚɤɬɚ ɲɚɪɢɤɨɜ ɜ 
ɩɨɞɲɢɩɧɢɤɟ, ɬɟɦ ɦɹɝɱɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɚ. ɇɟ-
ɥɢɧɟɣɧɨɫɬɶ ɤɨɥɟɛɚɧɢɣ ɩɪɨɹɜɥɹɟɬɫɹ ɛɨɥɶɲɟ ɜ 
ɩɨɞɲɢɩɧɢɤɚɯ ɫ ɦɟɧɶɲɢɦɢ ɭɝɥɚɦɢ ɤɨɧɬɚɤɬɚ ɢ 
ɬɨɝɞɚ, ɤɨɝɞɚ ɞɢɫɤɢ ɡɚɤɪɟɩɥɟɧɵ ɧɟɫɢɦɦɟɬɪɢɱ-
ɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɨɪ. ɇɚ ɜɫɟɯ ɜɟɬɜɹɯ Ⱥɑɏ 
ɟɫɬɶ ɬɨɱɤɢ ɛɢɮɭɪɤɚɰɢɣ. ɉɪɢ ɦɚɥɵɯ ɭɝɥɚɯ 
ɤɨɧɬɚɤɬɚ ɧɚ Ⱥɑɏ ɟɫɬɶ ɞɢɚɩɚɡɨɧɵ ɱɚɫɬɨɬ, ɜ 
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